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Abstract:

Let G be a connected graph and S a minimum total edge dominating set of G. A subsetT € Sis
called aforcing subset for S if S is the unique minimum total edge dominating set containing T. A
forcing subset for S of minimum cardinality is a minimum forcing subset of S. Theforcing total
edge domination number of S, denoted bythe (S), is the cardinality of a minimum forcing subset

of S. The forcing total edge domination number of G, denoted byfyte(G), iszte(G) =

min {fyte (S)}, where the minimum is taken over all minimum total edge dominating sets S in G.

Some general properties satisfied by this concept are studied. Connected graphs with forcing
total edge domination number 0 or 1 are characterized. Some realization results are given.
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1. Introduction We also introduce the concept of the forcing

All graphs under our consideration are total edge domination number f, (G)of a
finite, undirected, without loops, multiple
edges and isolated vertices. Terms not defined
here are used in the sense of Harary [3].A
concept of edge domination was introduced by
Mitchell and Hedetniemi [4].An edge
dominating set S of G is called a total edge
dominating set of G if (S) has no isolated
edges. The total edge  domination
numbery,  (G)of Gis the minimum cardinality

connected graph G with at least 3 vertices. Let
G be a connected graph and S a minimum total
edge dominating set of G. A subset T € S is
called a forcing subset for S if S is the unique
minimum total edge dominating set containing
T. A forcing subset for S of minimum
cardinality is a minimum forcing subset of S.
The forcing total edge domination number of

o S, denoted by f, (S), is the cardinality of a
taken over all total edge dominating sets of G. . e )
minimum forcing subset of S. The forcing

total edge domination number of G, denoted
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by the(G)’ is fYte(G) = min {fYte(S)}’ where .

the minimum is taken over all minimum total
edge dominating sets S in G. For forcing

domination number we refer to [1].
Definition 1.1

Let G be a connected graph and S a
minimum total edge dominating set of G. A
subsetT < Sis called aforcing subset for S if
S is the wunique minimum total edge
dominating set containing T. A forcing
subset for S of minimum cardinality is a
minimum forcing subsetof S. Theforcing
total edge domination number of S, denoted
bnyte(S)’ is the cardinality of a minimum

forcing subset of S. The forcingtotal edge
domination number of G, denoted bnyte (G),

iSf“/te(G) = min {fyte(S)}, where the
minimum is taken over all minimum total
edge dominating sets S in G.

Example 1.2

For the graph G given in Figure 1,S=
{v4vs, VsV, }is the unique minimum total
edge dominating set of G so thatf, G =0
and for the graph G given in Figure 2,5, =
{v3vs,vov3, vave},  S; = {v3vs, vovs, vivy}
and S; = {v3vg,v3v,, v v,} are the only
three minimum total edge dominating sets of
G such thatfyte (S) =2 and fYte (S,) =

fYte (S3) = 1so thathte (Q) =1.
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Va V2

v3
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Figure 1
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The next theorem follows immediately from
the definition of the total edge domination
number and the forcing total edge
domination number of a connected graph G.
Theorem 1.3

For every connected graph G,0 <f, (G) <

Vee (G-

Remark 1.4

The bounds in Theorem 1.3 are sharp. For
the graphG given in Figure 1.f, (G) = Oand
for the graphG = K,,, fYte (@) =7v,(G) =2
Also, all the inequalities in Theorem1.3 are

strict. For the graphGgiven in Figure
2.f. te(G) =1land vy, (G)=3. ThusO <
£, (&) <v_(G).
Theorem 1.5
LetG be a connected graph. Then
(a) f, _(G) = 0if and only if G has a
unique  minimum  total  edge

dominating set.
(b) fYte (G) = 1if and only ifGhas at least

two minimum total edge dominating
sets, one of which is a unique
minimum total edge dominating set
containing one of its elements, and
(c) fYte(G) =7,,(®)if and only if no
minimum total edge dominating set
ofG is the unique minimum total
edge dominating set containing any
of its proper subsets.
Proof
(a) Letf, (G) =0. Then, by

definition,f. . (S) = Ofor some minimum

total edge dominating set S ofG so that the
empty set ¢is the minimum forcing subset
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for S. Since the empty set ¢ is a subset of
every set, it follows that Sis the unique
minimum total edge dominating set of G.
The converse is clear.

(b) Let f, (G) = 1. Then by part (a),G
has at least two minimum total edge
dominating sets. Also, sincefyte (G) =1,

there is a singleton subset T of a minimum
total edge dominating set S of G such that
Tis not a subset of any other minimum total
edge dominating set ofG. Thus Sis the
unique minimum total edge dominating set
containing one of its elements. The converse
is clear.

(c) Letf},te (@) =7,.(G). ThenfYte (S =
Yo (G)for every minimum total edge
dominating set SinG. Since m = 2, y,_(G) =
2 and hencef, (G) = 2. Then by part (a),

Ghas at least two minimum total edge
dominating sets and so the empty set ¢is not
a forcing subset for any minimum total edge
dominating set ofG. Sincef, (S) =1y, (G),

no proper subset of S is a forcing subset of
S. Thus no minimum total edge dominating
set ofG is the unique minimum total edge
dominating set containing any of its proper
subsets. Conversely, the data implies thatG
contains more than one minimum total edge
dominating set and no subset of any
minimum total edge dominating sets S other
than S is a forcing subset for S. Hence it
follows thatf, _ (G) =7,.(G).

Definition 1.6

An edge e of a connected graph G is said to
be a total edge dominating edge of G if e
belongs to every minimum total edge
dominating set of G. If G has a unique
minimum total edge dominating set S, then
every edge of S is a total edge dominating
edge of G.

Example 1.7

For the graph G given in Figure 1, S =
{v4vs, VsV, }is the unique minimum total
edge dominating set of G so that both the
edges in S are total edge dominating edges

of G. For the graph G given in Figure 2, an
edge v3vs belongs to every minimum total
edge dominating set of G. Therefore v3vs is
the unique total edge dominating edge of G.
Theorem 1.8

Let G be a connected graph and let J be the
set of relative complements of the minimum
forcing subsets in their respective minimum
total edge dominating sets in G. Then Ngey F
is the set of total edge dominating edges of
G.

Corollary 1.9

Let G be a connected graph and S a
minimum total edge dominating set of G.
Then no total edge dominating edge of G
belongs to any minimum forcing set of S.
Theorem 1.10

Let G be a connected graph andX be the set
of all total edge dominating edges of G.
Then f, (@) <7v,.(G) = [X].

Remark 1.11

The bound in Theorem 1.10 is sharp. For the
graph G given in  Figure 1,
Y.(G) =2, [X| =2, f,{te(G) =0 and
Yo (G) — [X| = 0 so that fYte(G) =v,(G) —
|X|. Also the bound in Theorem 1.10 is
strict. For the graph G given in Figure 2,
Y.(G) =3, [X|=1, f,{te(G) =1 and
Yo (G) — [X| =2 so that f“/t(G) <v,(G) -
[WI.

In the following we determine the forcing
total edge domination number of some
standard graphs.

Theorem 1.12
For any graph G = P,(n > 3), f“/te(G) =
0 if n=1(mod4)andn # 3

2 if n = 3(mod 4)
1 if nisevenandn # 6
Proof

LetE(P,)be {v,V,, VoV, oo, Vo1 Vp ).
Case 1.nis odd.
Subcase i. Letn = 3.
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ThenS = {v,v,,v,v3} is the unique
minimum total edge dominating set of G, so
thatfYte (G) =0.

Subcase ii. Letn = 3(mod 4).

Letn = 4k + 3, k = 1. Let Sbe anyy, -set of
G. Then it is easily verified that any
singleton subset of S is a subset of another
Vee-set of G and sof, (G) = 1. Nows, =
{v1V2, Va3, VsV, VeV7, VoVio, VioVits - Valr1Vakez V4k+2V4k+3}i
s ay,-set of G. Syis the unique v, -set of G
containing{v, v,, Vax 42 Vaks3} SO
thatfYte (G) = 2.

Subcase iii. Letn = 1(mod 4).

Letn=4k+ 1, k> 1. ThenS =
{V2V3, V3Vy, V6V7, V7V, oo, Vak—1Vako VakVaks1}
is the wunique minimum total edge
dominating set of G, so thatfyte (G) =0.

Case 2.nis even.

Subcase i. Letn = 6.

ThenS = {v,v3, V3V, v4Vs} is the uniquey, -
set of G, so thatfYte (G) =0.

Subcase ii. Letn = 0(mod 4).

Letn = 4k, k> 1. ThenS = {v,v,,v,vs,
V5V, V6V7, oo, Vak—3Vak—2) Vak—2Vak-1} 1S
the uniquey, -set of Gcontaining{v,v,}, so
thatfYte (G) =1.

Subcase iii. Letn = 2(mod 4).

Letn =4k + 2, k= 2. ThenS =

{V2V3, V3Vy, VeV7, V7 Vg, oo, Vak—2Vak—1, Vak—1Vaks Va

is the uniquey, -set of
Geontaining{v,y_,V4x_1} SO thatfyte (G) =1.
[
Theorem 1.13
For any graph G = C,, (n = 3), f“/te(G) =
{4 ifn = 2(mod 4)
2 otherwise
Proof
Let C,be vyq,Vy, ..., Vy, Vq.
Case 1.nis odd.
Subcase i. Letn + 1 = 0(mod 4).
Letn =4k —1, k= 1. Let S be anyy, -set
of G. Then it is easily verified that any
singleton subset of S is a subset of another

Y,.-set of G and SOf“/te(G) > 1. NowS$S,; =
{v1va, V2V3, V5Vg, Ve V7, VoV, .

V10V11) ) Vak-3Vak-2, Vak—2Vak—1}18 the
unique Yeo-SEt of G
containing{v, v,, V4x_2Vax—1} SO
thatfyte(G) = 2.

Subcase ii. Letn — 1 = 0(mod 4).

Letn = 4k+ 1, k= 1. Let S be any v, -set
of G. Then it is easily verified that any

singleton subset of Sis a subset of another
Y.-set of G and SOfYte(G) > 1. Nows, =

{v1V2, V2V3, V5V, Ve V7, VoVig, V1gV11, ) Vak-3Vak—2) Vak—2Vak—1, Vak-1Vak}

1s the
containing{ Vv, _3Vax—2, Vax—1Vakx} SO
thatfyte(G) = 2.

Case 2.nis even.

Subcase i. Letn = 0(mod 4).

Letn = 4k, k = 1. Let Sbe any vy, -set of G.
Then it is easily verified that any singleton
subset of S is a subset of another y, -set of G
and SOfYte(G) > 1.
{V1V2, VoV3,V5Ve, VgV, VoVig, V10V11s = Vak—3Vak—2, V4k72v4k71}
is the unique Yeo-SEL of G
containing{v,v,, v,V3}so thatfyte (G) =2.
Subcase ii. Letn = 2(mod 4).

Letn = 4k+ 2, k= 1. Let S be any v, _-set

of G. Then it is easily verified that any one
element or two element or three element
of S is a subset of another y, -set of

unique Yeo-SEL of G

Nows, =

G. NowS; = {V1Vy,V,V3, V3Vy, V4 Vs,
V7Vg,VgVg,V11V12,V12V13, v, Vak—1Vsaks

VakVaks1Jis  the unique vy, -set of G
containing{v, v,, V,Vs, V3V,, V4 Vs } SO
thatfyte(G) =4, |

Theorem 1.14

For the complete graphG =K,(n >
3).f. te(G) = 2.
Proof

Sincen = 3, there exists at least two v, -sets
of G so thatfyte(G) > 1. Let S be any y,-set

of G such that|S| = 2. It is easily verified
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that any singleton subset of S is a subset of
another y, -set of G, so thathte Q) =2.

Theorem 1.15[2]
Let G be a connected graph and W be the set
of all edge dominating edges of G. Then
f,, (G) < 7,(G) — [W].
In the following the forcing edge domination
number and the forcing total edge
domination number of a graphG are related.
Theorem 1.16
For any integer a > 2, there exists a
connected graph G such thatfYte G) =
er(G) = a.
Proof
LetP: x,yandP;: u;, v; (1 < i < a) be paths of
order 2. Let G be a graph obtained
fromP; (1 <i < a) and P by joining x with
eachy; (1 <i<a) and y with eachv; (1 <
i < a). The graph G is shown in Figure 3.

Ua

us

V3

Va

G

Figure 3

First we show thaty (G) =a+ 1. It
is easily observed that an edge xy belongs to
every minimum edge dominating set of
Gand soy,(G) = 1. Let
H; = {xu;, u;v;,yvi} (1 <i<a). Also it is
easily seen that every edge dominating set of
Geontains at least one edge ofH; (1 <i <
a)and soy,(G) =a+1. NowS = {xy}U
{u;vy,uyvy, ..., uyav,} is an edge dominating
set of G SO that
Y,(G) =a+ 1.

Next we show that er(G) =a. By
Theorem1.15,f e(G) <7, —{xy}=a+

1-1=a. Now sincey, (G) =a+1 and
every minimum edge dominating set of
Geontains{xy}, it is easily seen that everyy, -
set of Gis of the formS = {xy}U
{P141, P24z, -, Pada}, Wherepiq; € H; (1 <
i < a). Let T be any proper subset of Swith
IT| < a. Then there exists an edgep;q; (1 <
j < a)such thatp;q; € T. Letr;s; be an edge
of H; distinct fromp;q;. ThenS; =

{(S — {p]-q]-}) U {r]-s]-}} is ayg-set of G
properly containing T. Therefore T is not a
forcing subset of G. Hence it follows
thatfye(G) = a.

Next we claim thaty (G) =a+
1.Let G; = {xu;,yv;} (1 <1i<a). Itis easily
seen that an edge xy belongs to every
minimum total edge dominating set of G
andso vy, (G) = 1. Also every total edge
dominating set of G contains at least one
element ofG; (1 <i<a)and soy (G) =
a+ 1. NowS = {xy} U {yvy,yVy, ..., yVa} is
a total edge dominating set of G so
thaty, (G) =a+ 1.

Next we show that fYte(G) =a. By
Theorem1.10,f te(G) <7,.(G) —{xy} =

a+1—-—1=aNow sincey, (G) =a+1
and every minimum total edge dominating
set of G contains{xy} and at least one
edgeofG; (1 < i< a), it is easily seen that
everyy,-set of Gis of the formS = {xy} U
{xcy,xcy, ..., XCy},  wherexg; €G; (1 <i<
a). Let T be any proper subset of Swith|T| <
a. Then there exists an edgexc; (1 <j<
a)such thatxc; € T. Letxd; be an edge ofG;

distinct fromxc]- . Then

S, = {(S - {xcj}) V) {xd]-}} is ay-set of G
properly containing T. Therefore T is not a
forcing subset of S. Hence it follows
thathte(G) = a.

Theorem1.17




Asian Journal of Applied Research (AJAR)

For every paira,b of integers withO < a
< b, there exists a connected graph Gsuch
thatfyte(G) =a andfye(G) =b.

Proof

LetP:x,y, P:u,vi(1<i<
a)andQ;:r;,s; (1 <i<b-—a) be paths of
order 2. Let Hbe a graph obtained from
PandP,(1 <i < a) by joining x with each
u;(1 <i < a) and ywith eachv;(1 <i < a).
Let H' be a graph obtained fromQ; (1 <1i <
b —a) by adding new vertex z and joining
zwitheachr; (1 <i<b-—a). Let G be a
graph obtained from H and H' by joining
xand z. The graph Gis shown in Figure 4.

Figure 4

First we claim thaty (G) =b+ 1.
LetH; = {xu;,yv;,u;v;}(1 <i<a)and R; =
{zr,rsi}(1<i<b-—a). It is easily
observed that an edge xybelongs to every
minimum edge dominating set of Gand
soy,(G) = 1. Also it is easily seen that
every edge dominating set of G contains at
least one edge ofH;(1 <i < a) and at least
one edge ofRj(1<i<b-—a) and so
Y,(G)=1+a+b—a=b+ 1.NowS =
{xy} U {u,vy,uyvy, ..., uva} U
{ris1,1r28,,...,
I'h_aSp—a}is an edge dominating set of G
so thaty (G) =b + 1.
Next we show thatfye(G) =b. By
Theorem1.10,f e(G) <v7,G) —{xy}=b+
1-1=b. Sincey (G) =b+1 and every
edge dominating set of Gcontains {xy}, it is

easily seen that everyy -set of G is of the
formS = {xy} U {c;d;, c,d5,...,cou,} U
{g1h1; g2h2' R
gb_ahb_a}wherecidi € Hi (1 <i< a)
andgih; ER; (1 <i<b—a). Let T be any
proper subset of Swith|T| < b. Then it is
clear that there exists some i and j such
thatT N H; N R; = ¢, which shows
thathe(G) = b.

Next we show thaty (G) =b+ 1.
LetZ; = {xu;,yv;} (1 <i < a)andX =
{xy,zry,2ry,..., zry,_,}. It is easily observed
thatXis a subset of every minimum total
edge dominating set of Gand soy, (G) = b —
a+ 1. Also it is easily seen that every total
edge dominating set of G contains at least
one edge ofZ; (1 <i<a) and soy(G) =
b—a+1+a. NowS =X U
{xu;,xu,,...,xu,} is a total edge
dominating set of G so thaty (G) =b + 1.

Next we claim thatfyte(G) =a. By
Theorem1.10,f te(G) <7,.G) —[X| =b+
1-(b—a+1)=a Now sincey,(G) =
b+ land every minimum total edge
dominating set of Gcontains X, it is easily
seen that everyy, -set of G is of the formS =
X U {xcq, XCy, ..., XCaWherexc; €
Z;(1 <i < a). Let T be any proper subset of
Swith|T| < a. Then there exists
anedgexcj(1 < j < a) such thatxc; ¢ T . Let

xd; be anedge of Z; distinct fromxc;.

ThenS; = {(S - {xcj}) U {xd]-}} is ay,-set
of G properly containing T. Therefore T is

not a forcing subset of S. This is true for
ally -sets of G. Hence it follows

thathte(G) = a.

Similarly we have proved the following
realization results.

Theorem1.18
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For every paira, bof integers with0 < a
< b there exists a connected graph G such
thatfye(G) = aand fYte(G) =b.

Theorem 1.19
For any integera > 2, there exists a
connected graph G such thathte(G) =

Oandfye(G) = a.
Theorem 1.20

For any integera > 2, there exists a
connected graph G such thatfYte (G)=a

andfye(G) =0.

Open Problem 1.21

For every four positive integers a, b, ¢, d
with2 <a<b,c>0andd = 0, does there
exists a connected graph G with y_(G) = a,

Y. (G) = Db, £ e(G) = cand f“/te (G) =d?
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