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Abstract: 

Let G be a connected graph and S a minimum total edge dominating set of G. A subsetT ⊆ Sis 
called aforcing subset for S if S is the unique minimum total edge dominating set containing T. A 
forcing subset for S of minimum cardinality is a minimum forcing subset of S. Theforcing total 
edge domination number of S, denoted byfγ&'(S), is the cardinality of a minimum forcing subset 
of S. The forcing total edge domination number of G, denoted byfγ&'(G), isfγ&'(G) =

min .fγ&'(S)/, where the minimum is taken over all minimum total edge dominating sets S in G. 
Some general properties satisfied by this concept are studied. Connected graphs with forcing 
total edge domination number 0 or 1 are characterized. Some realization results are given. 
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1.   Introduction 

All graphs under our consideration are 
finite, undirected, without loops, multiple 
edges and isolated vertices. Terms not defined 
here are used in the sense of Harary [3].A 
concept of edge domination was introduced by 
Mitchell and Hedetniemi [4].An edge 
dominating set S of G is called a total edge 
dominating set of G if 〈S〉 has no isolated 
edges. The total edge domination 
numberγ&'(G)of Gis the minimum cardinality 
taken over all total edge dominating sets of G.  
 

We also introduce the concept of the forcing 
total edge domination number fγ23(G)of a 
connected graph G with at least 3 vertices. Let 
G be a connected graph and S a minimum total 
edge dominating set of G. A subset T ⊆ S is 
called a forcing subset for S if S is the unique 
minimum total edge dominating set containing 
T. A forcing subset for S of minimum 
cardinality is a minimum forcing subset of S. 
The forcing total edge domination number of 
S, denoted by fγ&'(S), is the cardinality of a 
minimum forcing subset of S. The forcing 
total edge domination number of G, denoted 
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by fγ&'(G), is fγ&'(G) = min .fγ&'(S)/, where 
the minimum is taken over all minimum total 
edge dominating sets S in G. For forcing 
domination number we refer to [1]. 
Definition 1.1  
 Let G be a connected graph and S a 
minimum total edge dominating set of G. A 
subsetT ⊆ Sis called aforcing subset for S if 
S is the unique minimum total edge 
dominating set containing T. A forcing 
subset for S of minimum cardinality is a 
minimum forcing subsetof S. Theforcing 
total edge domination number of S, denoted 
byfγ&'(S), is the cardinality of a minimum 
forcing subset of S. The forcingtotal edge 
domination number of G, denoted byfγ&'(G), 

isfγ&'(G) = min .fγ&'(S)/, where the 
minimum is taken over all minimum total 
edge dominating sets S in G.  
Example 1.2 
For the graph G given in Figure 1,S =
{v6v7, v7v9}is the unique minimum total 
edge dominating set of G so thatfγ23(G) = 0 
and for the graph G given in Figure 2,S< =
{v=v7, v9v=, v=v6}, S9 = {v=v7, v9v=, v<v9} 
and S= = {v=v7, v=v6, v<v6} are the only 
three minimum total edge dominating sets of 
G such thatfγ23(S<) = 2 and fγ23(S9) =
fγ23(S=) = 1so thatfγ23(G) = 1. 

 

 
The next theorem follows immediately from 
the definition of the total edge domination 
number and the forcing total edge 
domination number of a connected graph G. 
Theorem 1.3 
For every connected graph G,0 ≤ fγ23(G) ≤
γ&'(G).  
Remark  1.4 
The bounds in Theorem 1.3 are sharp. For 
the graphG given in Figure 1,fγ23(G) = 0and 
for the graphG = KB, fγ23(G) = γ&'(G) = 2. 
Also, all the inequalities in Theorem1.3 are 
strict. For the graphGgiven in Figure 
2,fγ23(G) = 1and γ&'(G) = 3. Thus0 <
fγ23(G) < γ

&'
(G). 

Theorem 1.5 
LetG be a connected graph. Then 

(a) fγ23(G) = 0if and only if G has a 
unique minimum total edge 
dominating set. 

(b) fγ23(G) = 1if and only ifGhas at least 
two minimum total edge dominating 
sets, one of which is a unique 
minimum total edge dominating set 
containing one of its elements, and 

(c) fγ23(G) = γ&'(G)if and only if no 
minimum total edge dominating set 
ofG is the unique minimum total 
edge dominating set containing any 
of its proper subsets. 

Proof 
(a) Letfγ23(G) = 0. Then, by 

definition,fγ23(S) = 0for some minimum 
total edge dominating set S ofG so that the 
empty set ϕis the minimum forcing subset 
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for S. Since the empty set ϕ is a subset of 
every set, it follows that Sis the unique 
minimum total edge  dominating set of G. 
The converse is clear. 

(b)  Let fγ23(G) = 1. Then by part (a),G 
has at least two minimum total edge 
dominating sets. Also, sincefγ23(G) = 1, 
there is a singleton subset T of a minimum 
total edge dominating set S of G such that 
Tis not a subset of any other minimum total 
edge dominating set ofG. Thus Sis the 
unique minimum total edge dominating set 
containing one of its elements. The converse 
is clear. 

(c)  Letfγ23(G) = γ&'(G). Thenfγ23(S) =
γ&'(G)for every minimum total edge 
dominating set SinG. Since m ≥ 2, γ&'(G) ≥
2 and hencefγ23(G) ≥ 2. Then by part (a), 
Ghas at least two minimum total edge 
dominating sets and so the empty set ϕis not 
a forcing subset for any minimum total edge 
dominating set ofG. Sincefγ23(S) = γ&'(G), 
no proper subset of S is a forcing subset of 
S. Thus no minimum total edge dominating 
set ofG is the unique minimum total edge 
dominating set containing any of its proper 
subsets. Conversely, the data implies thatG 
contains more than one minimum total edge 
dominating set and no subset of any 
minimum total edge dominating sets S other 
than S is a forcing subset for S. Hence it 
follows thatfγ23(G) = γ&'(G).  
Definition 1.6 
An edge e of a connected graph G is said to 
be a total edge dominating edge of G if e 
belongs to every minimum total edge 
dominating set of G. If G has a unique 
minimum total edge dominating set S, then 
every edge of S is a total edge dominating 
edge of G.  
Example 1.7 
For the graph G given in Figure 1, S =
{v6v7, v7v9}is the unique minimum total 
edge dominating set of G so that both the 
edges in S are total edge dominating edges 

of G.  For the graph G given in Figure 2, an 
edge v=v7 belongs to every minimum total 
edge dominating set of G. Therefore v=v7 is 
the unique total edge dominating edge of G.    
Theorem 1.8 
Let G be a connected graph and let ℑ be the 
set of relative complements of the minimum 
forcing subsets in their respective minimum 
total edge dominating sets in G. Then ⋂ FM∈ℑ  
is the set of  total edge dominating edges of 
G. 
Corollary 1.9 
Let G be a connected graph and S a 
minimum total edge dominating set of G. 
Then no total edge dominating edge of G 
belongs to any minimum forcing set of S. 
Theorem 1.10 
Let G be a connected graph andX be the set 
of all total edge dominating edges of G. 
Then fγ23(G) ≤ γ&'(G) − |X|. 
Remark 1.11 
The bound in Theorem 1.10 is sharp. For the 
graph G given in Figure 1,   
γ&'(G) = 2, |X| = 2, fγ23(G) = 0 and 
γ&'(G) − |X| = 0 so that fγ23(G) = γ&(G) −
|X|. Also the bound in Theorem 1.10 is 
strict. For the graph G given in Figure 2, 
γ&'(G) = 3, |X| = 1, fγ23(G) = 1 and 
γ&'(G) − |X| = 2 so that fγ2(G) < γ&(G) −
|W|.  
In the following we determine the  forcing 
total edge domination number of some 
standard graphs. 
 
Theorem 1.12 
For any graph G = PB(n ≥ 3), fγ&'(G) =

U
0 if 	n ≡ 1(mod	4)and	n ≠ 3
2 if n	 ≡ 3(mod	4)	
1 if n	is	even	and	n ≠ 6

 

Proof 
LetE(PB)be {v<v9, v9v=, … , vB`<vB}. 
Case 1.nis odd. 
Subcase i. Letn = 3. 
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ThenS = {v<v9, v9v=} is the unique 
minimum total edge dominating set of G, so 
thatfγ23(G) = 0. 
Subcase ii. Letn ≡ 3(mod	4). 
Letn = 4k + 3, k ≥ 1. Let Sbe anyγ&'-set of 
G. Then it is easily verified that any 
singleton subset of S is a subset of another 
γ&'-set of G and sofγ23(G) ≥ 1. NowS< =

{v<v9, v9v=, v7vc, vcvd, vev<f, v<fv<<, … , v6gh<v6gh9, v6gh9v6gh=}i
s aγ&'-set of G. S<is the unique γ&'-set of G 
containing{v<v9, v6gh9v6gh=} so 
thatfγ23(G) = 2. 
Subcase iii. Letn ≡ 1(mod	4). 
Letn = 4k + 1, k ≥ 1. ThenS =
{v9v=, v=v6, vcvd, vdvi, … , v6g`<v6g, v6gv6gh<} 
is the unique minimum total edge 
dominating set of G, so thatfγ23(G) = 0. 
Case 2.nis even. 
Subcase i. Letn = 6. 
ThenS = {v9v=, v=v6, v6v7} is the uniqueγ&'-
set of G, so thatfγ23(G) = 0. 
Subcase ii. Letn ≡ 0(mod	4). 
Letn = 4k, k ≥ 1. ThenS = {v<v9, v9v=,
v7vc, vcvd, … , v6g`=v6g`9, v6g`9v6g`<} is 
the uniqueγ&'-set of Gcontaining{v<v9}, so 
thatfγ23(G) = 1. 
Subcase iii. Letn ≡ 2(mod	4). 
Letn = 4k + 2, k ≥ 2. ThenS =
{v9v=, v=v6, vcvd, vdvi, … , v6g`9v6g`<, v6g`<v6g, v6gv6gh<}
is the uniqueγ&'-set of 
Gcontaining{v6g`9v6g`<} so thatfγ23(G) = 1.
 ∎ 
Theorem 1.13 
For any graph G = CB, (n ≥ 3), fγ&'(G) =

.4 if	n ≡ 2(mod	4)
2 otherwise

 
Proof 

Let CBbe v<, v9, … , vB, v<.  
Case 1.nis odd. 
Subcase i. Letn + 1 ≡ 0(mod	4). 
Letn = 4k − 1, k ≥ 1. Let S be anyγ&'-set 
of G. Then it is easily verified that any 
singleton subset of S is a subset of another 

γ&'-set of G and sofγ&'(G) ≥ 1. NowS< =
{v<v9, v9v=, v7vc, vcvd, vev<f,		 
v<fv<<, … , v6g`=v6g`9, v6g`9v6g`<}is the 
unique γ&'-set of G 
containing{v<v9, v6g`9v6g`<} so 
thatfγ&'(G) = 2. 
Subcase ii. Letn − 1 ≡ 0(mod	4). 
Letn = 4k + 1, k ≥ 1. Let S be any γ&'-set 
of G. Then it is easily verified that any 
singleton subset of Sis a subset of another 
γ&'-set of G and sofγ&'(G) ≥ 1. NowS< =

{v<v9, v9v=, v7vc, vcvd, vev<f, v<fv<<, … , v6g`=v6g`9, v6g`9v6g`<, v6g`<v6g}
is the unique γ&'-set of G 
containing{v6g`=v6g`9, v6g`<v6g} so 
thatfγ&'(G) = 2. 
Case 2.nis even.  
Subcase i. Letn ≡ 0(mod	4). 
Letn = 4k, k ≥ 1. Let Sbe any γ&'-set of G. 
Then it is easily verified that any singleton 
subset of S is a subset of another γ&'-set of G 
and sofγ&'(G) ≥ 1. NowS< =

{v<v9, v9v=, v7vc, vcvd, vev<f, v<fv<<, … , v6g`=v6g`9, v6g`9v6g`<} 
is the unique γ&'-set of G 
containing{v<v9, v9v=}so thatfγ&'(G) = 2. 
Subcase ii. Letn ≡ 2(mod	4). 
Letn = 4k + 2, k ≥ 1. Let S be any γ&'-set 
of G. Then it is easily verified that any one 
element or two element or three element 
subset of S is a subset of another γ&'-set of 
G. NowS< = {v<v9, v9v=, v=v6, v6v7,
vdvi, vive, v<<v<9, v<9v<=, … , v6g`<v6g,
v6gv6gh<}is the unique γ&'-set of G 
containing{v<v9, v9v=, v=v6, v6v7} so 
thatfγ&'(G) = 4. ∎ 
 
Theorem 1.14 
For the complete graphG = KB(n ≥
3),fγ&'(G) = 2. 
Proof 
Sincen ≥ 3, there exists at least two γ&'-sets 
of G so thatfγ&'(G) ≥ 1. Let S be any γ&'-set 
of G such that|S| = 2. It is easily verified 
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that any singleton subset of S is a subset of 
another γ&'-set of G, so thatfγ&'(G) = 2.  
 
Theorem 1.15[2] 
Let G be a connected graph and W be the set 
of all edge dominating edges of G. Then 
fγ3(G) ≤ γ'(G) − |W|. 
In the following the forcing edge domination 
number and the forcing total edge 
domination number of a graphG are related. 
Theorem 1.16 
For any integer a ≥ 2, there exists a 
connected graph G such thatfγ&'(G) =
fγ'(G) = a. 
Proof 
LetP: x, yandPs: us, vs	(1 ≤ i ≤ a) be paths of 
order 2. Let G be a graph obtained 
fromPs	(1 ≤ i ≤ a) and P by joining x with 
eachus	(1 ≤ i ≤ a) and y with eachvs	(1 ≤
i ≤ a). The graph G is shown in Figure 3. 

 
First we show thatγ'(G) = a + 1. It 

is easily observed that an edge xy belongs to 
every minimum edge dominating set of 
Gand soγ'(G) ≥ 1. Let 
Hs = {xus, usvs, yvs}	(1 ≤ i ≤ a). Also it is 
easily seen that every edge dominating set of 
Gcontains at least one edge ofHs	(1 ≤ i ≤
a)and soγ'(G) ≥ a + 1. NowS = {xy} ∪
{u<v<, u9v9, … , uwvw} is an edge dominating 
set of G so that 
γ'(G) = a + 1. 

Next we show that fγ'(G) = a. By 
Theorem1.15,fγ'(G) ≤ γ'(G) − {xy} = a +

1 − 1 = a. Now sinceγ'(G) = a + 1 and 
every minimum edge dominating set of 
Gcontains{xy}, it is easily seen that everyγ'-
set of Gis of the formS = {xy} ∪
{p<q<, p9q9, … , pwqw}, wherepsqs ∈ Hs	(1 ≤
i ≤ a). Let T be any proper subset of Swith 
|T| < 𝑎. Then there exists an edgep{q{	(1 ≤
j ≤ a)such thatp{q{ ∉ T. Letr{s{ be an edge 
of H{ distinct fromp{q{. ThenS< =
.~S − �p{q{�� ∪ �r{s{�/ is aγ'-set of G 
properly containing T. Therefore T is not a 
forcing subset of G. Hence it follows 
thatfγ'(G) = a. 
 Next we claim thatγ&'(G) = a +
1.Let Gs = {xus, yvs}	(1 ≤ i ≤ a). It is easily 
seen that an edge xy belongs to every 
minimum total edge dominating set of G 
andso γ&'(G) ≥ 1. Also every total edge 
dominating set of G contains at least one 
element ofGs	(1 ≤ i ≤ a)and soγ&'(G) ≥
a + 1. NowS = {xy} ∪ {yv<, yv9, … , yvw} is 
a total edge dominating set of G so 
thatγ&'(G) = a + 1. 
Next we show that fγ&'(G) = a.  By 
Theorem1.10,fγ&'(G) ≤ γ&'(G) − {xy} =
a + 1 − 1 = a.Now sinceγ&'(G) = a + 1 
and every minimum total edge dominating 
set of G contains{xy} and at least one 
edgeofGs	(1 ≤ i ≤ a), it is easily seen that 
everyγ&'-set of Gis of the formS = {xy} ∪
{xc<, xc9, … , xcw}, wherexcs ∈ Gs	(1 ≤ i ≤
a). Let T be any proper subset of Swith|T| <
𝑎. Then there exists an edgexc{	(1 ≤ j ≤
a)such thatxc{ ∉ T. Letxd{ be an edge ofG{ 
distinct fromxc{. Then 
S< = .~S − �xc{�� ∪ �xd{�/ is aγ'-set of G 
properly containing T. Therefore T is not a 
forcing subset of S. Hence it follows 
thatfγ&'(G) = a. 
Theorem1.17 
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For every paira, b of integers with0 ≤ a	
≤ b, there exists a connected graph Gsuch 
thatfγ&'(G) = a andfγ'(G) = b. 
Proof 
LetP: x, y, Ps: us, vs(1 ≤ i ≤
a)andQs: rs, ss	(1 ≤ i ≤ b − a) be paths of 
order 2. Let Hbe a graph obtained from 
PandPs(1 ≤ i ≤ a) by joining x with each 
us(1 ≤ i ≤ a) and ywith eachvs(1 ≤ i ≤ a). 
Let H′ be a graph obtained fromQs	(1 ≤ i ≤
b − a) by adding new vertex z and joining 
zwitheachrs	(1 ≤ i ≤ b − a). Let G be a 
graph obtained from H and H′ by joining 
xand z. The graph Gis shown in Figure 4. 

 
First we claim thatγ'(G) = b + 1. 

LetHs = {xus, yvs, usvs}(1 ≤ i ≤ a)and Rs =
{zrs, rsss}(1 ≤ i ≤ b − a). It is easily 
observed that an edge xybelongs to every 
minimum edge dominating set of Gand 
soγ'(G) ≥ 1. Also it is easily seen that 
every edge dominating set of G contains at 
least one edge ofHs(1 ≤ i ≤ a) and at least 
one edge ofRs(1 ≤ i ≤ b − a) and so 
γ'(G) ≥ 1 + a + b − a = b + 1.NowS =
{xy} ∪ {u<v<, u9v9, . . . , uwvw} ∪
{r<s<, r9s9, . . .,	 
r�`ws�`w}is an edge dominating set of G 
so thatγ'(G) = b + 1. 
Next we show thatfγ'(G) = b. By 
Theorem1.10,fγ'(G) ≤ γ'(G) − {xy} = b +
1 − 1 = b. Sinceγ'(G) = b + 1 and every 
edge dominating set of Gcontains {xy}, it is 

easily seen that everyγ'-set of G is of the 
formS = {xy} ∪ {c<d<, c9d9, . . . , cwuw} ∪
{g<h<, g9h9, . . . ,	
g�`wh�`w}wherecsds ∈ Hs	(1 ≤ i ≤ a) 
andgshs ∈ Rs	(1 ≤ i ≤ b − a). Let T be any 
proper subset of Swith|T| < 𝑏. Then it is 
clear that there exists some i and j such 
thatT ∩ Hs ∩ R{ = ϕ, which shows 
thatfγ'(G) = b. 

Next we show thatγ&'(G) = b + 1. 
LetZs = {xus, yvs}	(1 ≤ i ≤ a)andX =
{xy, zr<, zr9, . . . , zr�`w}. It is easily observed 
thatXis a subset of every minimum total 
edge dominating set of Gand soγ&'(G) ≥ b −
a + 1. Also it is easily seen that every total 
edge dominating  set of G contains at least 
one edge ofZs	(1 ≤ i ≤ a) and soγ&'(G) ≥
b − a + 1 + a. NowS = X ∪
{xu<, xu9, . . . , xuw} is a total edge 
dominating set of G so thatγ&'(G) = b + 1. 

Next we claim thatfγ&'(G) = a. By 
Theorem1.10,fγ&'(G) ≤ γ&'(G) − |X| = b +
1 − (b − a + 1) = a. Now sinceγ&'(G) =
b + 1and every minimum total edge 
dominating set of Gcontains X, it is easily 
seen that everyγ&'-set of G is of the formS =
X ∪ {xc<, xc9, . . . , xcw}wherexcs ∈
Zs(1 ≤ i ≤ a). Let T be any proper subset of 
Swith|T| < 𝑎. Then there exists 
anedgexc{(1 ≤ j ≤ a) such thatxc{ ∉ T . Let 
xd{ be anedge of Z{ distinct fromxc{. 
ThenS< = .~S − �xc{�� ∪ �xd{�/ is aγ&'-set 
of G properly containing T. Therefore T is 
not a forcing subset of S. This is true for 
allγ&'-sets of G. Hence it follows 
thatfγ&'(G) = a. 
Similarly we have proved the following 
realization results.  
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For every paira, bof integers with0 ≤ a	
≤ b there exists a connected graph G such 
thatfγ'(G) = aand fγ&'(G) = b. 
 
Theorem 1.19 
For any integera ≥ 2, there exists a 
connected graph G such thatfγ&'(G) =
0andfγ'(G) = a. 
Theorem 1.20 
For any integera ≥ 2, there exists a 
connected graph G such thatfγ&'(G) = a 
andfγ'(G) = 0. 
Open Problem 1.21 
For every four positive integers a, b, c, d 
with 2 ≤ a ≤ b, c ≥ 0 and d ≥ 0, does there 
exists a connected graph G with γ'(G) = a, 
γ&'(G) = b, fγ3(G) = c and fγ23(G) = d? 
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